Let E be a Fréchet space, i.e. a metrizable and complete locally convex space (lcs), E ′′
A quantitative approach to weak compactnesss in Fréchet spaces and spaces C(X)
Introduction
Many classical results about compactness in functional analysis can be deduced from suitable inequalities about distances to spaces of continuous functions. This line of research motivates a number of specialists to study several quantitative counterparts of some classical results. We refer to works [9] , [2] , [3] , [4] , [11] , [15] , [16] also as a good source of references. Especially results from [9] and [2] , yielding several characterizations of weak compactness of bounded sets in a Banach space, motivated our present paper. Papers cited above provided some tools which have been used for new quantitative versions of Gantmacher's theorem about weak compactness of adjoint operators in Banach spaces, Eberlein-Grothendieck's theorem, Grothendieck's characterization of weak compactenss in real Banach spaces C(K) := C(K, R), and the classical Krein-Smulyan's theorem.
Theorem 1 below deals with the following non-negative functions defined on the family of bounded sets H in a Banach space E, see [ , there exists a sequence (x n ) n in H such that x * * − y * * ≤ γ(H) for any cluster point y * * of (x n ) n in E ′′ . H is weakly relatively compact in E iff one (equivalently all) of ck(H), k(H), γ(H) is zero.
In the first part we show that some techniques from above cited papers can be used also in the frame of Fréchet spaces, i.e., metrizable and complete lcs.
We provide quantitative characterizations of weak-compactness in a Fréchet space. The approximation Theorem 7 (extending [2, Theorem 3.2] to Fréchet spaces) is the quantitative version of the weak angelicity of a Fréchet space. Theorem 14 and Corollary 15 provide a quantitative version of Orihuela's angelic theorem [18, Theorem 3] showing that ck(H) ≤d(H, C(X, Z)) ≤ 17ck(H), where H ⊂ Z X is relatively compact and C(X, Z) is the space of Z-valued continuous functions for webcompact spaces X and separable metric space Z. If X is web-compact and normal and Z := R, then ck(H) ≤d(H, C(X)) ≤ 12ck(H). A corresponding result for strongly web-compact spaces X is also obtained with a more sharper constants using the same proofs that [5, Theorem 3.1 and Theorem 3.2], results for web-compact spaces require extra work. This yields also a quantitative approach to the weak angelicity of any lcs in the class G.
Notation and terminology: Let E be a Fréchet space and let (U n ) n be a decreasing basis of absolutely convex neighbourhoods of zero. By (E ′ , β (E ′ , E)) and (E ′′ , β (E ′′ , E ′ )) we mean the strong dual of E and (E ′ , β (E ′ , E)), respectively. In (E ′′ , β (E ′′ , E ′ )) the sequence of bipolars (U 00 n ) n is a decreasing basis of absolutely convex neighbourhoods of zero. By h n = sup |h (u) | : u ∈ U 0 n we denote the seminorm in E ′′ associated with U 0 n and d n means the pseudometric defined by . n . The restriction of . n to E, also denoted by . n , is the seminorm defined by U n . The topology of E can be defined by the F -norm d(x, y) := n 2 −n x − y n (1 + x − y n ) −1 for x, y ∈ E. The topology of the space (E ′′ , β(E ′′ , E ′ )) is defined by the F -norm d(x * * , y * * ) := n 2 −n x * * − y * * n (1 + x * * − y * * n ) −1 for all x * * , y * * ∈ E ′′ . Additionally without loss of generality, we assume in this paper that 2U n+1 ⊂ U n for n ∈ N; and this clearly implies that 2 x * * n ≤ x * * n+1 for n ∈ N and each x * * ∈ E ′′ . If H is a bounded subset of E then H 0 is a neighbourhood of zero in (E ′ , β (E ′ , E)) and the bypolar H 00 is a compact subset of (E ′′ , σ (E ′′ , E ′ )). Therefore an E-bounded subset H is weakly relatively compact if and only if H
Next concepts are the natural extensions of the given above:
assuming the involved limits exist. Let
is the set of all cluster points in E ′′ of the sequence ϕ ∈ H N and d n (A, B) = inf{d n (a, b) : a ∈ A, b ∈ B}. Also define
We say that H ε-interchanges limits with a subset B of
where ε ≥ 0 and the involved limits exist. For ε = 0 we say H interchanges limits with B, see [14] .
A space X is angelic if every relatively countably compact set A in X is relatively compact and for each x ∈ A there is a sequence (x n ) n in A converging to x, see [13] . 3
First observations and remarks
Proposition 2. For a bounded subset H of a Fréchet space E the set H is weakly relatively compact iff k(H) = 0 iff k n (H) = 0 for all n ∈ N.
Moreover, from the definitions it follows easily that ck n (H) ≤ k n (H). To prove more we need the following two additional lemmas.
Lemma 3. Let H be a bounded subset of a Fréchet space E and let h ∈ H
Then for each n ∈ N there exists a net
Proof. The linear functional u defined on the linear hull of E and h by u(e + λh) = λd n (h, E) for e ∈ E verifies |u(e + λh)
By the Hahn-Banach theorem u admits a linear extension to E ′′ , also named u, such that
for each x * * ∈ E ′′ . In particular
Indeed, for each ε > 0 let h ε ∈ E be such that
By the hypothesis lim α u β (h α ) = u β (h) and lim β u β (h ε ) = 0. Then
The inequality |lim β lim α u β (h α )| < d n (h, E) + ε is true for each positive number ε, so we have
To prove the main inequality pick v a σ(
converges to 0 and such that the involved limits in lim β lim α u β (h α ) exists, because by hypothesis the limits in
where the last inequality follows from (1). Hence γ n (H) ≤ 2ck n (H) for each n ∈ N.
Proof. The second and third inequalities follow from previous lemmas. The first inequality is obvious. Proposition 6. If H is a bounded subset of a Fréchet space E, then the following conditions are equivalent:
H is weakly relatively countably compact, (iv) H is weakly relatively compact. 
Proof. It is clear that (ii)⇒(iv)⇒(iii)⇒(i). The implication (i)⇒(ii) follows from
Proposition 5.
Approximation by sequences and angelicity
The following theorem extends the last part of [2, Theorem 2.3] to Fréchet spaces.
Theorem 7.
Let H be a bounded subset of a Fréchet space E defined by the sequence of
Proof. The proof is based on the following two observations. Claim 1. Let S be a finite subset of H σ(E ′′ ,E ′ ) and let n and m be two natural
Indeed, let p be the cardinal number of S. Then the claim follows from the fact that (x * * (x * )) x * * ∈S :
is a bounded subset of a product of p-copies of the scalar field (of real or complex numbers).
Claim 2. There exists a sequence (x m ) m in H and for each m ∈ N there exist finite sets
and sup {|(
for L m = {L n (q) : 1 ≤ n ≤ q ≤ m} . Indeed, applying Claim 1 with S = {x * * } and n = m = 1 we provide a finite set
Assume that Claim 2 has been checked for a fixed m ∈ N. To complete the proof it is enough to apply m + 1 times the Claim 1 with S = {x * * , x 1 , x 2 , · · · , x m } and we obtain the m + 1 finite sets L n (m + 1) ⊂ U 0 n , n = 1, 2, · · · , m + 1, such that for each n and each
and for
where
Finally we show that the sequence (x m ) m from Claim 2 is as required. Fix x * ∈ U 0 n . From (2) it follows that for each q > n there exists y * q ∈ L n (q) such that x * * (x * − y * q ) < q −1 and x j (x * − y * q ) < q −1 for each j < q. Therefore
and
By (3) we have x * * (z
In particular x * * (y * q ) = lim m x m (y * q ) for each y * q . This and (4) imply
Let y * * be a σ(E ′′ , E) cluster point of (x m ) m . For the previously fixed x * ∈ U 0 n there exists a subsequence (x mr ) r such that y * * (x * ) = lim r x mr (x * ), and then by (5) we have
Since y * q ∈ L n (q) ⊂ U 0 n , we apply (6) and (7) to show |x * * (x * ) − y * * (x * )| ≤ γ n (H). Since this holds for each x * ∈ U 0 n , we conclude x * * − y * * n ≤ γ n (H).
Corollary 8 ([13, 3.10 (1)]). Every Fréchet space E is σ(E, E ′ )-angelic.
Proof. Let H be a relatively countably compact subset of (E, σ(E, E ′ )). Then ck(H) = 0 so by Proposition 6, H is relatively compact in (E, σ(E, E ′ )) . Theorem 7 implies that, if
there exists a sequence (x p ) p in H such that x is the unique σ(E, E ′ )-cluster point of the sequence (x p ) p in (E, σ(E, E ′ )). This and σ(E, E ′ )-compactness of H
implies that the sequence (x p ) p converges to x in (E, σ(E, E ′ )) and then angelicity of (E, σ(E, E ′ )) follows.
Approximation by sequences in C p (X)
For a topological space X, a metric space (Z, d), we consider in Z X the standar supremum metric, that we also denoted be d that we allow to take the value +∞, i.e.,
where d(A, B) = inf{d(a, b) : a ∈ A, b ∈ B}. Clearly each relatively countably compact set in (Z X , τ p ) is relatively compact. Letd(A, B) := sup{d(a, B) : a ∈ A}. Recall the following concepts.
(a) X is a Lindelöf Σ-space if there is an upper semi-continuous map from a (nonempty) subset Ω ⊂ N N with compact values in X whose union is X, where the set of integers N 7 is discrete and N N has the product topology, see [1] . If the same holds for Ω = N N , then X is called K-analytic.
(b) X is quasi-Suslin if there exists a set-valued map T from N N into X covering X such that if α n → α and x n ∈ T (α n ), then (x n ) n has a cluster point in T (α), see [19] .
(c) X is web-compact [18] if there exists a nonempty subset Σ ⊂ N N and a family {A α : α ∈ Σ} in X whose union D is dense in X and, if C n1,...,n k := {A β : β = (m k ) ∈ Σ, m j = n j , j = 1, . . . , k} for α = (n k ) ∈ Σ with x k ∈ C n1,n2,...,n k , then (x k ) k has a cluster point in X. If X is web-compact with D = X, we call X strongly web-compact. All quasi-Suslin spaces are strongly web-compact. By [18, Theorem 3 ] the space C p (X) is angelic if X is webcompact.
We need the following two technical facts from [5, Lemma 1] and [5, Lemma 3] .
Lemma 9. Let X be a topological space, Z a metric space and H ⊂ Z X a τ p -relatively compact set. Then H 2ǫ-interchanges limits with relatively countably compact sets of X, where ǫ := ck(H)+d(H, C(X, Z)).
Lemma 10. Let (Z, d) be a separable metric space, X be a set and H ⊂ Z X with the pointwise topology τ p and ǫ ≥ 0. Assume (i) X = {A α : α ∈ Σ} for some family of sets {A α : α ∈ Σ}.
(ii) For each α = (n k ) ∈ Σ the set H ǫ-interchanges limits in Z with every sequence
We prove an extension of [5, Theorem 3.1] which yields to the quantitative version of Orihuela's angelic theorem [18, Theorem 3] , see Corollary 17. The first Theorem 11 works for strongly web-compact spaces X. The other one Theorem 14 deals just with web-compact spaces X.
Theorem 11. Let X be a web-compact space with a representation D = {A α : α ∈ Σ} with X = D. Let (Z, d) be a separable metric space and H ⊂ Z X a τ p -relatively compact set. Then for each f ∈ H (the closure in Z X ) there exists a sequence (f n ) n in H such that sup
for any cluster point g of (f n ) n in Z X .
Proof. Let ǫ := ck(H) +d(H, C(X, Z)) and letH = {f | D : f ∈ H}. We prove that condition (ii) in Lemma 10 holds for D andH. Take α = (n k ) ∈ Σ and let (x n ) n be a sequence in D that is eventually in each C n1...n k for k ∈ N. Note that each subsequence of (x n ) n admits a subsequence (y k ) k such that y k ∈ C n1...n k for k ∈ N. Indeed, for n 1 there is m 1 ∈ N such that x n ∈ C n1 for all n ≥ m 1 . Set y 1 := x m1 . By induction we obtain a subsequence (y k ) k of (x n ) n such that y k ∈ C n1...n k for each k ∈ N. The same procedure holds for any subsequence of (x n ) n . Since X is web-compact, every such sequence (y k ) k has a cluster point in X. This means that the set {x n : n ∈ N} is relatively countably 8 compact in X. Now Lemma 9 applies to deduce that H 2ǫ-interchanges limits with every sequence (x n ) n soH 2ǫ-interchanges limits as claimed. Condition (ii) has been checked. Now let f ∈ H (the closure in Z X ). Since f | D ∈H (the closure in Z D ), by Lemma 10 there exists a sequence (g n ) n inH such that sup x∈D d(f (x), h(x)) ≤ 2ǫ for each cluster point h of (g n ) n in Z X . For each g n there exists f n ∈ H such that f n | D = g n . If g is a cluster point of (f n ) n then g| D is cluster point of (g n ) n so sup x∈D d (f (x), g(x) ) ≤ 2ǫ. This yields the first inequality. The other one follows like in the proof of [5, Theorem 3.1]: For f ∈ H set ϕ(n) := f for all n ∈ N. Then clust Z X (ϕ) = {f } and hencê d(H, C(X, Z)) ≤ ck(H).
Corollary 12. Let X be a strongly web-compact space, (Z, d) a separable metric space, and let H ⊂ Z X be a τ p -relatively compact set. Then
Proof. The first inequality follows from the definition. The last one follows from the proof of Theorem 11 with D = X. Now we show the middle one: We may assume that ck(H) < ∞. Fix t ∈ R with ck(H) < t and f ∈ H. Fix
By Theorem 11 there exists a sequence (f n ) n in H such that sup x∈X d(f (x), g(x)) ≤ 2ǫ for any cluster point g of (f n ) n in Z X . Since ck(H) < t, for this sequence (f n ) n there exists a cluster point g of (f n ) n such that d(g, C(X, Z)) < t. This yields the inequality.
Proposition 13. Let X be a web-compact space with a representation D = {A α : α ∈ Σ} with X = D. Let (Z, d) be a separable metric space, let H ⊂ Z X be a τ p -relatively compact set and let f ∈ H (the closure in Z X ). Then for each δ > 0 and x ∈ X there exists U ⊂ X a neighbourhood of x such that
for any cluster point g of (f n ) n in Z X . Observe also that if g is a cluster point of (
By definition of ck(H) we can choose a cluster point g of (f n ) n such that d(g, C(X, Z)) < ck(H) + 4
for all z ∈ X. Since h is a continuous function, there exists U ⊂ X a neighbourhood of
where we have applied (8) and (9) in the second inequality and (10) and (11) in the last inequality.
Theorem 14. Let X be a web-compact space, (Z, d) be a separable metric space and H ⊂ Z X a τ p -relatively compact set. Then for each f ∈ H (the closure in Z X ) there exists a sequence (f n ) n in H such that
Proof. Since X is a web-compact space, there is a representation D = {A α : α ∈ Σ} with X = D that satisfies the definition of web-compact space. By Theorem 11, there exists a sequence (f n ) n in H such that
for any cluster point g of (f n ) n in Z X . Fix x ∈ X, g a cluster point of (f n ) n and δ > 0. Since f, g ∈ H by Proposition 13, there exist U, V ⊂ X neighbourhoods of x such that
Since δ > 0 is arbitrary, the proof is over.
The following corollary follows from Theorem 14 like Corollary 12 from Theorem 11.
Corollary 15. Let X be a web-compact space, (Z, d) a separable metric space and let H ⊂ Z X be a τ p -relatively compact set. Then
Corollary 16. Let X be a web-compact space, (Z, d) a separable metric space and let H ⊂ C(X, Z) be a τ p -relatively compact set in X Z . The following conditions are equivalent: (i) ck(H) = 0, (ii) H is a relatively countably compact subset of C(X, Z), (iii) H is a relatively compact subset of C(X, Z).
Proof. Clearly (iii)⇒(ii)⇒(i). The implication (i)⇒(iii) follows from Corollary 15.
Corollary 17 (Orihuela [18] ). C p (X, Z) is angelic for metric Z and web-compact X.
Proof. By Fremlin's [13, Theorem 3.5] the space C P (X) := C p (X, R) is angelic iff C p (X, Z) is angelic for any metric space X, so we prove the case for C p (X). Hence we need only to show the angelicity of C p (X) for web-compact. Now Corollary 17 follows from Theorem 14 (similarly as we did in the proof of Corollary 8).
Theorem 11 applies to spaces in the class G, i.e. lcs E for which its topological dual E ′ is covered by a family {A α : α ∈ N N } of subsets such that A α ⊂ A β if α ≤ β and in each A α sequences are equicontinuous [8] . All (LM )-spaces (hence metrizable lcs), dual metric spaces (hence (DF )-spaces), etc., belong to class G, [8] . The space X := (E ′ , σ(E ′ , E)) is quasi-Suslin (hence strongly web-compact) for E ∈ G, see [12] .
By [2, Proposition 2.6] for each Banach space E with the Corson property (C) we haved(H, E) = ck(H), so this holds for any reflexive Banach space. Is the same true for any separable metrizable lcs ? The first part of Corollary 18 is due to Cascales-Orihuela [8] .
Corollary 18. Every lcs E ∈ G is weakly angelic. If E is separable and metrizable, then d(H, C(X)) = ck(H) for bounded H ⊂ R X with X := (E ′ , σ(E ′ , E)).
Proof. Corollary 17 yields the first claim. For the other one it is enough to show that X has countable tightness, since then we apply [5, Corollary 3.6] . Let (U n ) n be a basis of neighbourhoods of zero in E. Then E ′ = n U 0 n . Since E is separable, each set U • n is metrizable and X is Lindelöf. Since X is hereditarily separable, it has countable tightness: Take a subset V ⊂ X. Let D ⊂ V be a countable set such that V ⊂ D. Then V ⊂ D. Therefore, any point in the closure of V is a limit of a countable subset.
We present also a particular case of Corollary 15 with better constants. First we note the following Proposition 19. Let X be a web-compact space, (Z, d) be a separable metric space, H ⊂ Z X a τ p -relatively compact set and f ∈ H (the closure in Z X ). Then for each δ > 0 and x ∈ X there exists U ⊂ X a neighbourhood of x such that d(f (x), f (y)) < 8ck(H) + 4d(H, C(X, Z))) + δ for every y ∈ U .
Proof. By Proposition 13 we know that x has a neigbourhood U such that The oscillation (denoted by osc(f, x)) and semi-oscillation (denoted by osc*(f, x)) of a function f ∈ Z X at the point x ∈ X are defined by osc(f, x) = inf where the infimum is taken over the neigbourhoods U of x in X.
In the following, we recall the relationship between the oscillation of a function and its distance from the continuous ones. In the cited reference, the theorem is stated under more restricted conditions: X is paracompact and f is uniformly bounded on X. The proof in the reference has two parts, (i) and (ii). For the first part (i), one can find an outline of the proof for our case when X is normal in Engelking [10, Exercise 1.7.5 (b)]. The second part (ii) does not require f to be uniformly bounded. Proposition 21. Let X be a web-compact and normal space, and H ⊂ R X a τ p -relatively compact set. Then ck(H) ≤d(H, C(X)) ≤ 8ck(H) + 4d(H, C(X))) ≤ 12ck(H).
Proof. We only have to prove the second inequality. For this, take f ∈ H. By Proposition 19 we have osc*(f, x) ≤ 8ck(H) + 4d(H, C(X)).
Since osc(f, x) ≤ 2 osc*(f, x) then osc(f, x) ≤ 16ck(H) + 8d(H, C(X)), so by Theorem 20 d(f, C(X)) ≤ 8ck(H) + 4d(H, C(X)), and the proof is over.
